The problem of characterizing classical and quantum correlations in networks is considered. Contrary to the usual Bell scenario, where distant observers share a physical system emitted by one common source, a network features several independent sources, each distributing a physical system to a subset of observers. In the quantum setting, the observers can perform joint measurements on initially independent systems, which may lead to strong correlations across the whole network. In this work, we introduce a technique to systematically map a Bell inequality to a family of Bell-type inequalities bounding classical correlations on networks in a star-configuration. Also, we show that whenever a given Bell inequality can be violated by some entangled state ρ, then all the corresponding network inequalities can be violated by considering many copies of ρ distributed in the star network. The relevance of these ideas is illustrated by applying our method to a specific multisetting Bell inequality. We derive the corresponding network inequalities, and study their quantum violations.
I. INTRODUCTION
Bell inequalities bound the strength of correlations between the outcomes of measurements performed by distant observers who share a physical system under the assumption of Bell-like locality. Famously, quantum theory predicts correlations, mediated by entangled states, that violate Bell inequalities [1] . Such nonlocal quantum correlations are central for many quantum information tasks as well as foundational challenges [2] . Classical and quantum correlations in the standard Bell scenario, i.e., where distant observers share a physical system produced by a single common source, have been intensively studied and are by now relatively well understood.
In comparison, only very little is known about classical and quantum correlations in networks. The latter are generalizations of the Bell scenario to more sophisticated configurations featuring several independent sources. Each source distributes a physical system to a subset of the distant observers. In the classical setting, each physical system is represented by a classical random variable. Importantly, random variables from different source are assumed to be independent. In the quantum setting, each source can produce an entangled quantum state. Moreover, each observer can perform joint (or entangled) measurements on systems coming from different sources-e.g., as in entanglement swapping [3] -thus potentially creating strong correlations across the entire network. Understanding the strength of quantum correlations in networks is a challenging problem, but of clear foundational interest. In addition, practical developments of quantum networks make these questions timely, see e.g. [4, 5] .
One of the main hurdles for solving the above problem, is to first characterize classical correlations in networks. This turns out to be a challenging problem. Due to the assumption that the sources are independent, the set of classical correlations does not form a convex set anymore, as it is the case in the usual Bell scenario. Therefore, in order to efficiently characterize classical correlations, one should now derive nonlinear Bell-type inequalities. Only a handful of these inequalities have been derived so far. First works derived inequalities for the simplest network of entanglement swapping [6, 7] , for which experimental violations were recently reported [8] . Then inequalities for networks in the star-configuration were presented [9] . There exists also methods for deriving nontrivial Belltype inequalities for other classes of networks [10] [11] [12] . Entropic Bell inequalities has also been derived for several networks [13] , but are usually not very efficient at capturing classical correlations. Furthermore, another approach to study correlations in networks is from the point of view of Bayesian inference [14] [15] [16] [17] [18] [19] [20] .
In this work we aim to establish a direct link between the well-developed machinery of Bell inequalities, and the much less developed study of Bell-type inequalities for networks. Here, we focus on star-networks. We introduce a technique that allows one to map any full-correlation two-outcome bipartite Bell inequality into a family of Bell-type inequalities for star-networks (henceforth referred to as star inequalities). Specifically, starting from any such Bell inequality, we construct star inequalities for any possible star-network, which efficiently capture classical correlations. As a special case, this allows us to recover previously derived star inequalities [7, 9] by starting from the CHSH Bell inequality [21] . In general, our approach has two appealing features. First, the star inequalities we derive can have any number of settings for all observers. Second, their quantum violations can be directly related to the quantum violation of the initial Bell inequality. More precisely, we show that whenever an entangled state ρ violates a Bell inequality, then all the corresponding star inequalities can be violated by placing many copies of ρ in the star-network. Conversely, we show that certain quantum correlations in star-networks can be used to infer bounds on independent Bell tests. Finally, we illustrate the relevance of this method by an explicit example in which we start from a Bell inequality with more than two settings and construct the mapping to a particular star inequality and study its violation in the simplest network of entanglement swapping.
II. STAR NETWORKS AND N -LOCALITY
Star-networks are a class of networks parametrized by the number of independent sources N . The network thus involves N +1 observers: N so-called edge observers each of whom independently shares a state with one common central observer called the node observer. See Figure. 1 for an illustration.
The k'th edge observer performs a measurement labeled by x k (chosen among a finite set) returning a binary outcome a k ∈ {0, 1}. The node observer performs a measurement labeled by y returning an outcome b. The resulting statistics is given by a conditional probability distribution of the outcomes of all observers given their inputs. This probability distribution is called N -local if it admits the following form:
where we have used the short-hand notation λ ≡ λ 1 . . . λ N . In an N -local model (which is the analogue of a local model in the Bell scenario), each independent source emits a random variable λ k which is shared between a subset of the observers. In particular, for the star network, each edge observer shares a λ k (possibly encoding an unlimited amount of shared randomness) with the node observer. Importantly, the sources are assumed to be independent from each other, and thus the variables λ k are uncorrelated. Since the node observer holds λ, he can create correlations among all observers. Notice that if N = 1 we recover the definition of classical correlations in the Bell scenario. If the probability distribution cannot be written on the above form, it is said to be non N -local. Inequalities bounding the strength of N -local correlations arising in a star network are called star inequalities.
III. MAPPING BELL INEQUALITIES TO STAR INEQUALITIES
Consider a bipartite Bell scenario, where two observers Alice and Bob each perform one of n A respectively n B measurements on a shared physical system. Each measurement returns a binary outcome, now denoted A x , B y = ±1 for convenience, where x and y indicate the choice of measurement of Alice and Bob respectively. Any full-correlation Bell inequality can be written
where M yx are real numbers, and C is the local bound. Note that A denotes the expectation value of the product of the outcomes of Alice and Bob. In Eq.(2) the superscript bs only serves as a label for the Bell scenario. Importantly, one can fully characterize the Bell inequality by specifying the matrix M ∈ R n B ×n A , from which the local bound C can be computed as follows. It is sufficient to consider deterministic strategies of Alice and Bob, due to the fact that the set of local correlations in the Bell scenario is a polytope [2] . Hence, we can write 
Â bs y .
We now show how any Bell inequality of the form (2) can be mapped into a family of star inequalities for starnetworks with N sources.
Theorem III.1 For any full-correlation Bell inequality represented by the matrix M ∈ R n B ×n A with corresponding classical bound C, we can associate star inequalities as follows:
where
and
. Thus, specifying the real-valued matrix M and the functions {f i } n B i=1 returns a specific star inequality for a star-network with N sources.
The proof is rather technical hence we defer it to Appendix A, where we prove a generalized version of the above theorem in which the star inequality is obtained as a mapping of up to N different full-correlation Bell inequalities, each characterized by a real-valued matrix
The only restriction on the N Bell inequalities is that one observer (the one that by theorem III.1 is mapped to the node observer) in each inequality chooses between the same number of measurements. For sake of simplicity, we have in the above taken all these N Bell inequalities to be represented by the same matrix, namely M . Furthermore, we note that generalizations of our theorem to networks of the type studied in Ref. [22] , in which each source emits a multipartite physical system, are possible. 
IV. RECOVERING THE INEQUALITIES OF
REFS. [7, 9] As an example of our technique, consider the CHSH inquality [21] which corresponds to the 2 × 2 matrix M chsh xy
xy for x, y = 0, 1. The local bound (4) is straightforwardly evaluated to C = 1. Choosing a star-network with two sources (N = 2), and letting the node observer perform one complete two-qubit measurement with outcomes b = b 1 b 2 ∈ {0, 1} ⊗2 , we can define f i (b 1 b 2 ) = b i and immediately recover the inequality of Ref. [7] :
where I 1 and I 2 are defined via Eq. (7). Also, by letting the node observer have two measurement settings (y ∈ {0, 1}), one associated to I 1 and one associated to I 2 , returning an output bit b ∈ {0, 1}, we recover the other inequality of Ref. [7] with f i (b) = b (this example will be studied in more detail in Appendix B3). Similar mappings of the CHSH inequality also return the star inequalities of Ref. [9] valid for an arbitrary number of sources:
In this scenario, all observers have two settings and two outcomes, and f i (b 1 b 2 ) = b i . For N = 1 this reduces to the CHSH inequality.
V. OPTIMAL CLASSICAL STRATEGIES AND TIGHTNESS
We now demonstrate a property of optimal N -local strategies regarding our star inequalities. We show that for any star inequality obtained from theorem III.1, any N -local strategy achieving S net = C with given values {I i } can be replaced with another N -local strategy achieving the same {I i } in which the node observer acts trivially i.e. gives a deterministic output depending on the input: b i = ±1. Moreover, this is achieved with the same strategy for each edge observer A k . More precisely, we have the following:
reaching the the N -local bound in Eq (6) with 0 ≤ I i , there is a reduced strategy S :
1. The node observer B has a deterministic output:
Thus each source of randomness λ k can be considered as local and held by the edge observer A k .
2. Each edge observer A k chooses her output according to the same strategy: the functions
3. The quantities I i remain unchanged:
This proposition is proven in Appendix.B3, in which we also illustrate it by applying it to a particular example. Another question is whether any set {I i } saturating the inequality (6) can be obtained by an N -local strategy. We see in Appendix.C that this is not the case and give a way to find and enumerate all the sets {I i } satisfying this property.
So far, we have shown how the limitations of classical correlations in the Bell scenario can be mapped to analog limitations in networks. Next, we explore if an analogous statement can be made for quantum correlations.
VI. QUANTUM VIOLATIONS
We shall relate the quantum violation of the initial Bell inequality to the quantum violation of the corresponding star inequalities. Specifically, we will see that for any state ρ violating the initial Bell inequality, taking a sufficient number of copies of ρ distributed in the network will lead to violation of the corresponding star inequality. Also, the robustness to white noise of every quantum state violating a Bell inequality (2), is the same as that of N copies of the same state violating a star inequality.
Consider a Bell scenario where Alice and Bob share an entangled state ρ and perform n A and respectively n B binary local measurements represented by observables A bs x and B bs y . This leads to violation of some full-correlation Bell inequality, i.e. achieving S bs > C. Then we obtain a quantum strategy for violating the corresponding star inequalities as follows.
Let the node observer in the star-network perform n B different measurements. Each one is represented by an observable which is simply the N -fold tensor product of the measurements performed by Bob in the Bell scenario: ∀y : B y ≡ B 
Inserting this into Eq.(6) we recover S net = S bs > C. We conclude that ρ violates Bell inequality ⇒ ρ ⊗N violates star inequality . (12) Note the generality of the above statement, which holds true for any full-correlation Bell inequality and all its corresponding star inequalities (in particular for all possible choices of functions f i (b)). Moreover, the statement holds for an entangled state ρ of arbitrary Hilbert space dimension.
The case of CHSH Bell inequality deserves to be discussed. The above statement implies that any entangled state violating CHSH will violate all its corresponding star inequalities when enough copies are distributed in the network. In particular, this is case for any pure entangled bipartite state [23] , and more generally for any two-qubit state detected by the Horodecki criterion [24] (necessary for CHSH violation). Note that the latter statement was recently derived in Ref. [25] for the case N = 2, however, with the important difference that there the node observer performed a Bell state measurement whereas in our case we consider product measurements.
Conversely, if the node observer performs some product measurement, i.e., a measurement of the form ∀y : B y = B 
To obtain the upper bound, we have used lemma A.1 stated in Appendix.A, which may be regarded as a generalization of the Cauchy-Schwarz inequality. The expression on the right-hand-side of Eq. (13) is the geometric average of {S
as obtained in N independent Bell tests M , each performed on the state ρ k with settings of Alice and Bob determined by the settings used to achieve S net in the star-network. This upper bound coincides with S net only when all N Bell tests yield the same value S net = S bs (i) ∀i. So far, we have only considered product measurements of the node observer, which were sufficient to map quantum strategies in Bell inequalities to analog strategies in networks. Next, we consider an explicit example of a multisetting Bell inequality from which we construct a star inequality for N = 2 and study the quantum violations using product and joint measurements.
VII. EXAMPLE: QUANTUM CORRELATIONS FROM ENTANGLEMENT SWAPPING
We consider the full-correlation Bell inequality presented in Ref. [26] 2 . It is represented by the following matrix;
We can calculate the classical bound using Eq. (4), and write the associated Bell inequality, in which Alice has four settings and Bob has three settings, as follows:
The maximal quantum violation of this inequality is given by 4 √ 3 > 6, obtained with a maximally entangled two-qubit state |ψ 00 = vertices of a thetrahedron on the Bloch sphere:
Bob's measurements are simply given by the three Pauli matrices σ 1 , σ 2 , and σ 3 . If we consider the mixture of |ψ 00 with white noise, i.e. a Werner state of the form
the inequality can be violated whenever v > √ 3/2. Note that a sufficiently high violation of this inequality implies that the measurements settings do not lie in a plane of the Bloch sphere, i.e. they feature complex phases [27] .
Next, we obtain a particular star inequality for N = 2 in which we let each edge observer perform one of four measurements x 1 , x 2 ∈ {1, 2, 3, 4}, whereas the node observer performs a single measurement (i.e. no input y) with four possible outcomes
⊗2 . This is illustrated in Figure. 2. To this end, we apply our theorem 1. We define three quantities
(19) We choose the functions f i (b) for i = 1, 2, 3 as:
. Hence, our star inequality reads
Next we discuss quantum violations. Both sources in the network emit the Bell state |ψ 00 . The two edge observers perform the four tetrahedron measurements given in Eq. (16) . The node observer performs the Bell state measurement projecting her two systems onto the basis of maximally entangled two-qubit states:
1 |ψ 00 . Such a Bell state measurement typically causes the joint state of the subsystems of the two edge observers to become entangled, with its exact form depending on the outcome of the node observer. The resulting expectation values are
where ρ 00 = |ψ 00 ψ 00 |. This leads to I 1 = I 2 = I 3 = 16/3 which inserted into Eq. (20) returns S net = 4 √ 3 > 6. Hence, quantum correlations generated in an entanglement swapping scenario violate the considered star inequality. If both sources are noisy and each emits a Werner state ρ v , then one can violate the inequality (20) whenever v > √ 3/2. This coincides with the critical noise level of the Bell inequality in Eq. (14) .
Furthermore, note that we can with minor modification re-cast our inequality (20) so that the node observer performs three different measurements, each with a binary outcome b. In this scenario, one can again obtain the quantum violation S net = 4 √ 3. Note in this case the node observer uses three product measurements of the form σ i ⊗ σ i , i.e. a product of Pauli matrices. It turns out that these three measurements are compatible (they commute). They can thus be measured jointly, which is done via the Bell state measurement.
Finally, we point out that we can swap the roles of Alice and Bob in the Bell inequality Eq.(15) so that when mapped to the star inequality, the node observer has four settings and the edge observers each have three settings. That inequality reads
a1+a2+b P (a 1 a 2 b|x 1 x 2 y). By letting the node observer perform products of the measurements in Eq. (16) and the edge observers perform the Pauli measurements σ i for i = 1, 2, 3, we again find a violation S net = 4 √ 3, for which the critical visibility again is v = √ 3/2.
VIII. CONCLUSIONS
Our main result is a method for systematically mapping any multi-setting full-correlation Bell inequality into a family of inequalities bounding the strength of classical correlations in star networks. This construction also allows us to show that quantum strategies for Bell inequalities can be mapped into analogous quantum strategies on star-networks. Specifically, for any entangled state ρ violating the initial Bell inequality, it follows that by taking enough copies of ρ in the star network one obtains a quantum violation of the corresponding star inequalities. Finally, we considered an explicit scenario involving more than two settings and show that quantum correlations in an entanglement swapping experiment can violate our inequalities.
To conclude, we mention some open problems: 1) Can our technique be extended to also include mappings of Bell inequalities with marginals, i.e. not only fullcorrelation terms as in Eq. (2) . Whether the technique can be adapted to full-correlation Bell inequalities with more than two outputs (see e.g. [28] ) is also relevant. 2) In particular, our technique allows us to explore quantum correlations in entanglement swapping experiments with many settings. Exploring the ability of these correlations to violate the inequalities would be of interest. 3) How can one extend our technique to involve networks that are not of the star configuration? 4) Can one construct star inequalities analogous to the one in Eq. (22) 
mixed with the maximally mixed state. Is this the case for any joint measurement? Or on the contrary, can one find an example where the use of an adequate joint measurements allows for activation of nonlocality. That is, while the entangled state ρ would not violate the initial Bell inequality, many copies of ρ distributed in the network would lead to violation of the star inequality. While such activation phenomena are proven to exist even when considering the standard definition of Bell locality [29, 30] , we expect that the effect of activation should become much stronger when considering N -locality.
In this Appendix we prove a generalized version of theoremIII.1, in which the star inequality is obtained as mapping of up to N different full-correlation Bell inequalities in all of which at least one observer has the same number of settings. However, we first state a useful lemma that was presented and proven in Ref. [9] : Lemma A.1 Let x k i be non-negative real numbers and let n B , N ≥ 1 be integers. Then, the following relation holds:
with equality if and only if ∀k :
Equiped with this lemma, we state and prove our main theorem.
Theorem A.2 Consider any set of N full-correlation Bell inequalities such that in every Bell scenario Bob has n B measurement settings, whereas in the k'th Bell scenario Alice has n (k)
A measurement settings. The k'th Bell inequality is represent by the matrix
with associated classical bound C k . To every set of such matrices,
, we can associate a family of star inequalities as follows:
. Thus, specifying the real-valued matrices {M (k) } k and the functions {f i }
returns specific star inequality for the star-network with N sources.
Proof.
-Impose a classical model (1) on the probabilities in the quantities I i defined in Eq.(7). This gives
Applying an absolute value to both sides allows for the following upper bound;
Each integral in the product series is a non-negative number. Hence, the quantity |I i | 1/N can be upper bounded by a geometric average of such integrals. Applying the lemma A.1 to put an upper bound S net , which is a sum of such quantities, we obtain the following:
Remember that each correlator of Alice obeys −1 ≤ A k x k (λ k ) ≤ 1 and hence, using the classical bound (4) of the Bell inequality associated to M (k) to substitute in the integrand, we find
Using that ∀k : dλ k q k (λ k ) = 1, we obtain the final result
Remark: By choosing all the N Bell inequalities to be the same, i.e. setting M ≡ M (1) = . . . = M (N ) , we obtain the special case of this theorem considered in the main text.
Appendix B: Redundancy of node observer in classical strategies
Here we prove Proposition V.1 and illustrate it on a simple example.
Proof. Let us consider that we already have a strategy S reaching the bound in Eq. (6) with given I i . S is defined by the correlators of each edge observer A k (resp. node observer B)
. These correlators are such as:
As we have equality in Eq.(6), going back in the proof of theorem III.1, S must be such as Eq.(A7) and Eq.(A8) are equalities. From the equality condition of Eq.(A7), we will deduce a S satisfying condition 1. and 2. of the proposition. We then improve it in a strategy S satisfying 3., using the equality condition of Eq.(A8). Eq.(A7) is the continuous triangle inequality. As we have equality, for any i, the integrand λ → N k=1Â k i (λ k )B i ( λ) must be of constant sign (the weights q k are positive). Then, any change in the sign of somê A k i (λ k ) at a specific λ 0 j must be compensated by a change of the sign of B i ( λ) at the same λ 0 j , whatever are the other λ j 's (see Figure 3) . As B i ( λ) = ±1, we have that:
where B k i (λ k ) depends on the sign ofÂ k i (λ k ). We now can define the new strategy S : •
Through the transformation induced by M , this corresponds to correspondingÂ
, the new I i corresponding to strategy S are equal to the I i corresponding to strategy S. Then 1. and 2. of V.1 are satisfied by S . Moreover, we have:
We now use the equality condition of lemma A.1 and Eq.(A8) to prove 3. It is a convexity inequality which now reads:
were here the inequality is an equality. The condition for the convexity inequality in lemma A.1 to be an equality is that Â k i
is independent of k: we have here that for
Replacing each the strategy and local random source of each edge observer A k by a copy of the first edge observer A 1 strategy and random source in S (we then leave the exponent k), we may only change the sign of I i . This can be compensate by an appropriate choice of B i ( λ) = b i = ±1. Then, we do not change 1. and 2. and obtain 3., with:
To illustrate the proposition, let us recall the proof of the tightness of an inequality (already introduced in Section IV) presented in Ref. [7] , for a star network with N edges, two inputs and two outputs for each observer. As illustrated in the section Recovering the inequalities of Refs. [7, 9] , the inequality can be seen as a direct application of Theorem III.1, taking a matrix M corresponding to a renormalized CHSH inequalitie, M xy = I 2 ) in Eq.(B2) is (I, J) in [7] , with an inequality which writes:
The authors obtained the classical bound (restricting to 0 ≤ I 1 , I 2 ) for each possible I 1 = r N , I 2 = (1 − r) N with the following strategy:
where the λ k ∈ {0, 1} are uniform shared variables between each of the edge observer and the node observer and the µ k ∈ {0, 1} (µ k = 0 with probability r) are sources of local randomness for each edge observer. We see here, as shown by the proposition, that all edge observer have the same strategy and that the node observer's strategy factorizes in B y ( λ) = k B k y (λ) with B k y ( λ) = k (−1) λ k . Then, as suggested by the proposition, defining:
we see that the I i are unchanged by the transformation, and obtain a reduced strategy in which all the conditions of the proposition are satisfied. The proposition states that such a transformation is always possible.
Appendix C: Partial tightness of star inequalities
We now study the tightness of the bound in Eq.(4):
In the following, using proposition V.1, we find all the sets of {I i } which are reachable by N -local strategies and saturate (C1).
We start by enumerating all the possible deterministic strategies for each edge observer: 
Suppose that a given set {I i } satisfying condition (C1) can be obtained with an N -local strategy. Then, by proposition V.1, we can suppose that it is obtained with a strategy in which the node observer B has deterministic strategy B i ( λ) = b i = ±1 and all edge observers A k play the same strategy (we then leave the exponent k) based on a shared random variable. Hence,
